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What is the sum of the roots of z'? = 64 that have a positive real part?

(A)2 B)4 (O)V2+2V/3 D)2v2+v6 (E) (1+V3)+ (1+V3)i
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The root of any polynomial of the form 2™ = a will have all  of it roots will have magnitude {/a and be
the vertices of a regular n-gon in the complex plane (This concept is known as the Roots of Unity). For the
equation z'% = 64, it is easy to see +v/2 and £iv/2 as roots. Graphing these in the complex plane, we
have four vertices of a regular dodecagon. Since the roots must be equally spaced, besides \/5 there are
four more roots with positive real parts lying in the first and fourth quadrants. We also know that the angle
between these roots is 30°. We only have to find the real parts of the roots lying in the first quadrant,
because the imaginary parts would cancel out with those from the fourth quadrant. We have two

30 — 60 — 90 triangles (the triangles formed by connecting the origin to the roots, and dropping a
perpendicular line from each root to the real-axis), both with hypotenuse /2. This means that one has

2 6
base — and the other has base -5 Adding these and multiplying by two, we get the sum of the four

roots as \/§ + \/(_3 However, we have to add in the original solution of \/5 so the answer is

(D) 2v2 +V6 |
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The solutions to the equation (z + 6)8 = 81 are connected in the complex plane to form a convex regular
polygon, three of whose vertices are labeled A, B, and C. What is the least possible area of AABC?

(A)%\/@ (B)g\/_—g (C) 2v3—3V2 (D)%\/i (B) V3 -1
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The solutions to the equations 2% = 4 + 4v/15iand 2% = 2 + 2\/§i, where ¢ = /—1, form the
vertices of a parallelogram in the complex plane. The area of this parallelogram can be written in the form

P\/q — /s, where p, q,r,and s are positive integers and neither g nor s is divisible by the square of any
prime number. Whatis p + g + r + s7

(A)20 (B)21 (C)22 (D)23 (E)24
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The roots are + (\/ 10 + Z\/f_i) ,t (\/g + z) (easily derivable by using DeMoivre and half-angle). From
there, shoelace on (0, 0) , (\/ 10, \/6_3) , (\/g, 1) and multiplying by 4 gives the area of 6v/2 — 2/10,
so the answer is . (trumpeter)
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Consider polynomials P(x) of degree at most 3, each of whose coefficients is an element of
{0,1,2,3,4,5,6,7,8,9}. How many such polynomials satisfy P(—1) = —9?

(A)110 (B) 143 (C) 165 (D) 220 (E) 286
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Suppose our polynomial is equal to

ax® + bx® +cx+d
Then we are given that

—-9=b+d—a—c
Ifweletb = —9 — V', d = —9 — d’ then we have

9=a+c+b +d.

12
The number of solutions to this equation is simply ( 3 > = 220 by stars and bars, so our answer is
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Which of the following polynomials has the greatest real root?
(A) 2 +2018z" +1  (B) 2" +20182" +1  (C) 2'° +20182" + 1
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(D) 1" 42018z +1  (E) 2019z + 2018
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We can see that our real solution has to lie in the open interval (—1, 0). From there, note that 2% < zPif a,
b are odd positive integers if a < b, so hence it can only either be B or E(as all of the other polynomials will
be larger than the polynomial B). Finally, we can see that plugging in the root of 20192 + 2018 into B

gives a negative, and so the answer is . (cpma213)

Solution 2 (Calculus version of solution 1)

Note that a(—1) = b(—1) = ¢(—1) = d(—1) < 0and a(0) = b(0) = ¢(0) = d(0) > 0. Calculating
the definite integral for each function on the interval [—1, 0], we see that B(z) |° | gives the most negative
value. To maximize our real root, we want to maximize the area of the curve under the x-axis, which means

we want our integral to be as negative as possible and thus the answer is .
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For certain real numbers a, b, and ¢, the polynomial
g(x) =2 +az® + 2+ 10
has three distinct roots, and each root of g() is also a root of the polynomial
f(z) = 2* 4+ 2 4 ba® + 100z + c.
Whatis f(1)?
(A) —9009 (B) — 8008 (C) — 7007 (D) — 6006 (E) — 5005
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r+re+r3=—a
Ty Ty =—1
Thusry = a — 1.

Now applying Vieta's formulas on the constant term of g(), the linear term of g(z), and the linear term of
f(z), we obtain:

rrers = —10
1Ty +Tor3 +13my =1
T1ToT3 + ToTsTy + T374Ty + 147179 = —100

Substituting for 717273 in the bottom equation and factoring the remainder of the expression, we obtain:
=10 + (ry7ry + rors + 137 )ry = —10 + 74 = =100

It follows thatry, = —90.Butr, = a — 1soa = —89
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The graph of y = f(x), where f(z)is a polynomial of degree 3, contains points A(2, 4), B(3,9), and
C(4,16). Lines AB, AC, and BC intersect the graph again at points D, E, and F, respectively, and the
sum of the z-coordinates of D, E, and F'is 24. What is f(0)?

@W -2  ®mo  ©2 ®2 @3
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First, we can define f(z) = a(xz — 2)(z — 3)(x — 4) + z° which contains points A, B, and C. Now we
find that lines AB, AC, and BC are defined by the equations y = bx — 6,y = 6z — §, and

y = Tx — 12 respectively. Since we want to find the z-coordinates of the intersections of these lines and
f(z), we set each of them to f(x), and synthetically divide by the solutions we already know exist (eg. if
we were looking at line AB, we would synthetically divide by the solutions z = 2 and = = 3, because we

already know A B intersects the graph at A and B, which have x-coordinates of 2 and 3). After completing
4a—1 3a—1
this process on all three lines, we get that the x-coordinates of D, F, and F are 3 , and
a a
2a—1 . . 9a — 3
respectively. Adding these together, we get

= 24 which givesus a = = Substituting
a

1
this back into the original equation, we get f(x) = —g(x —2)(x — 3)(x — 4) 4+ 2° and

£(0) = ~5(-2)(=3)(~4) + 0 =| (D) 3
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There is a smallest positive real number a such that there exists a positive real number b such that all the

roots of the polynomial z* — az? + bz — a are real. In fact, for this value of a the value of b is unique.
What is the value of b?

(A)8 (B)9 (C)10 (D)11 (E)12
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The acceleration must be zero at the z-intercept; this intercept must be an inflection point for the
minimum a value. Derive f () so that the acceleration f”'(z) = 0:

2 —az?+br—a—32>—2ax +b— 6z —2a— = gfor the inflection point/root.

Furthermore, the slope of the function must be zero - maximum - at the intercept, thus having a triple root
at £ = a/3 (if the slope is greater than zero, there will be two complex roots and we do not want that).

The function with the minimum a:

a

f(@) = (I— 5)3

2 3
xS—ax2+(%>m—%

Since this is equal to the original equation z° — az? + bz — a,

a—:a—>a2:27—>a:3\/§
27
a® 27
b=—=—=|(B)9
3 =3 -L®B)

The actual function: f(z) = 2® — (3\/§) x>+ 9z — 3V3

fl2)=0—z= \/gtriple root. "Complete the cube."
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There is a complex number z with imaginary part 164 and a positive integer n such that

z
zZ+mn

=4i.

Find n.
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Let z = a + 1641.
Then

a+ 1647

— =43
a-+164i +n

and
a+ 1647 = (43) (a +n + 1647) = 4i (a + n) — 656.

By comparing coefficients, equating the real terms on the leftmost and rightmost side of the equation,
we conclude that

a = —656.
By equating the imaginary terms on each side of the equation,

we conclude that
164¢ = 4i (a + n) = 41 (—656 +n).

We now have an equation for n:
47 (—656 +n) = 1641,

and this equation shows that n = .
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The polynomial f(z) = z* + az® + bax® + cx + d has real coefficients, and f(2i) = f(2 + i) = 0.
Whatisa + b+ ¢+ d?

(A)O (B)1 (C)4 (D)9 (E)16
Solution 1

A fourth degree polynomial has four roots. Since the coefficients are real(meaning that complex roots
come in conjugate pairs), the remaining two roots must be the complex conjugates of the two given roots,
namely 2 — 2, —2i. Now we work backwards for the polynomial:

(z—=2+))(x—2—-9)(xz—2i)(z+2i) =0
(z* —4z 4 5) (2> +4) =0
z* —42® + 922 — 162+ 20 =0
Thus our answer is —4 +9 — 16 + 20 = 9 (D).
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Find cif a, b, and ¢ are positive integers which satisfy ¢ = (a + bi)3 — 1074, where i2 = —1.

Solution

Expanding out both sides of the given equation we have ¢ + 107 = (a® — 3ab®) + (3a*b — b®)i. Two
complex numbers are equal if and only if their real parts and imaginary parts are equal, so ¢ = a® — 3ab?
and 107 = 3a%b — b® = (3a2 — b2)b. Since a, b are integers, this means b is a divisor of 107, which is a
prime number. Thus either b = 1orb = 107.1f b = 107, 3a® — 107 = 1s0 3a® = 107% + 1, but
1072 + 1is not divisible by 3, a contradiction. Thus we must have b = 1, 3a® = 108 so a? = 36 and

a = 6 (since we know a is positive). Thus ¢ = 6% — 3- 6 =[198]
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There are 24 different complex numbers z such that 22 = 1. For how many of these is z% a real number?
(A)0 (B) 4 (C)6 (D) 12 (E) 24
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Note that these z such that z** = 1are e 12 forinteger 0 < n < 24. So

n
This is real if — € Z <> (nis even). Thus, the answer is the number of even 0 < n < 24 which is

(D) = 12}




